Abstract. We continue to study l-adic iterated integrals introduced in the first part. We shall calculate explicitly l-adic logarithm and l-adic polylogarithms. Next we shall use these results to study Galois representations on the fundamental group of P 1 Q(µn ) \ {0, µn, ∞}. §13. Introduction to Part III 13.0. In Part I and II of our paper on l-adic iterated integrals we were studying coefficients of the power series Λ p (σ). We were trying to go as far as possible without explicit calculations of these coefficients. (Only in Section 7 we use explicitly the fact that the coefficients at degree one of the power series Λ p are Kummer characters, because it is well known that the realization map from K * ⊗ Q to H 1 (G K ; Q(1)) associates to z ∈ K the Kummer character corresponding to z. We could however use Propositions 11.0.17 and 11.1.0 to avoid explicit calculations in Proposition 7.1.0.)
ii) if z ∈ X(K) and v = − → a i a then α j = κ(z − a j ) g j (p)·q j − κ(a i − a j ) q j for i = j and α i = κ(z − a i ) g i (p)·q i − κ(a − a i ) q i .
We give also an explicit formula for l-adic polylogarithms following [NW] . We modify slightly the proof given in [NW] as we shall not use a free differential calculus.
Next we are discussing l-adic polylogarithms evaluated at roots of unity. Let n be a positive integer prime to l. We take K = Q(µ n ) as our basic field. The l-adic polylogarithms evaluated at n-th roots of 1 are cocycles if paths from − → 01 to ξ i n are chosen suitable. Next we recall some results from [W2] , where we relate the l-adic polylogarithms evaluated at roots of unity to Soulé classes.
We show that the l-adic polylogarithms evaluated at n-th roots of unity coincide with linear combinations of Soulé classes. We also express Soulé classes by l-adic polylogarithms evaluated at n-th roots of 1.
Using functional equations of l-adic polylogarithms we show that any l m+1 (ξ i n ) is a linear combination of l m+1 (ξ k n ) with 0 < k < n 2 and (k, n) = 1. We conjecture that the cohomology classes l m+1 (ξ k n ) for 0 < k < n 2 and (k, n) = 1 are linearly independent over Q l in H 1 (G K ; Q l (m + 1)). This conjecture is equivalent to the following one.
Conjecture G. The cyclotomic elements of Soulé generate
In fact we think that this is a theorem. However in the literature we found only the result concerning K 3 (see [S3, p. 246] ). (There is however a proof using motives in [HW] . ) In Section 15 we study the Galois representation
We recall from Part I, Section 3 that where Lie(V) is a free Lie algebra over Q l on the set V,
Lie (G i 
Now we shall use functional equations of l-adic polylogarithms and the assumption that for each m > 0 the l-adic polylogarithms l m+1 (ξ i n ) for 0 < i < n 2 and (i, n) = 1 are linearly independent over Q l in H 1 (G K ; Q l (m+1)). We assume that n is a prime number and for traditional reason we denote it by p. We get the following results.
Theorem K. Let p be a prime number greater than 2 and different from l. Assume that for each m > 1 the l-adic polylogarithms l m (ξ k p ) for 0 < k < p 2 are linearly independent over Q l in H 1 (G K 
Using Theorem K we show the following result.
Theorem L. Let p be a prime number greater than 3 and different from l. Assume that for each m > 1 the l-adic polylogarithms l m (ξ k p ) for 0 < k < ii) (S + S) ∩ S = ∅ (the sum of two elements of S is calculated mod p).
Then the derivations gr
and n = 1, 2, . . . generate a free Lie subalgebra of the image of the Lie algebra homomorphism
and moreover these derivations are free generators of this Lie subalgebra. §14. Kummer characters 14.0. In this subsection we shall discuss some elementary properties of Kummer characters. We shall show that an l-adic logarithm l(z) is a Kummer character corresponding to z. We also calculate coefficients in degree 1 of the power series Λ p . These coefficients are expressed by Kummer characters.
Let K be a number field. First we state some well known and elementary results about Kummer characters without proofs.
Lemma 14.0.1. There is a bijection between compatible systems {ξ l n} n∈N of primitive l n -th roots of 1 and generators of
Let us fix a compatible system {ξ l n } n∈N of primitive l n -th roots of 1. It corresponds to a generator
− → 01). Let ζ ∈ K and let {ζ n } n∈N be a compatible system of l n -th roots of ζ. We define a function
The family {κκ n (ζ)(σ)} n∈N is a compatible system of l n -th roots of 1. Hence it follows from Lemma 14.0.1 that we get a function
We have κκ(ζ)(σ) = x for some element κ(ζ)(σ) ∈ Z l . The function
we call a Kummer character associated to ζ (and corresponding to a compatible system {ζ n } n∈N of l n -th roots of ζ). The function κ(ζ) depends on a choice of a compatible system of l n -th roots of ζ.
Hence the function κ(ζ) defines a cohomology class κ(ζ) ∈ H 1 (G K ; Z l (1)).
Lemma 14.0.3. Let {y n } n∈N be another compatible system of l n -th roots of ζ. Let κ be the corresponding Kummer character. Then we have κ = κ(ζ) + a(χ − 1) for some a ∈ Z l . Moreover for any a ∈ Z l there is a compatible system of l n -th roots of ζ such that the corresponding Kummer character is equal κ(ζ) + a(χ − 1).
, where a ∈ Q l we shall call also a Kummer character.
Corollary 14. 0.5. i) The function
does not depend on a choice of a compatible family of l n -th roots of ζ.
We denote by µ(K) a subgroup of roots of unity in K * .
Proposition 14.0.6. We have: ii) The homomorphism ϕ :
is injective and it extends to an injective homo-
We finish with a result that for a given finite number of z 1 , . . . , z n ∈ K * their Kummer characters from G K to Q l can be chosen in a compatible way.
Proposition 14.0.7. Let z 1 , . . . , z n ∈ K * . Then we can chose Kummer characters κ(z 1 ), . . . , κ(z n ) such that any relation
Proof. We consider a vector subspace of K * ⊗ Q generated by z 1 ⊗ 1, . . . , z n ⊗ 1. Without lost of generality we can assume that
for any z 1 , z 2 ∈ Q * in the following way. Let z ∈ Q \ {0}. Let |z| 1/l n be the positive real l n -th root of the absolute value of z. Let ξ l n = exp(
Observe that for any x, y ∈ Q \ {0} we have
It rests to show that κ(z) is a Kummer character in the sense of Definition 14.0.4. Assume that z < 0. Then z = (−1) · |z|. If l is odd then (−1) · |z| 1/l n is a compatible family of l n -th roots of z, hence κ(z) is a Kummer character. If l = 2 then e 2πi/2·2 n · |z| 1/2 n is a compatible family of 2 n -th roots of z. The associated Kummer character is equal κ(z)+ 8 Z. WOJTKOWIAK 14.1. We explain how a path p on P 1 K \ {0, ∞} from − → 01 to ζ determines a compatible family of l n -th roots of ζ. Let z be a local parameter at 0 corresponding to the tangential base point − → 01. We consider Puiseux elements {z 1/l n } n∈N such that at 1 they are all equal 1. By analytic continuation of Puiseux elements first from 1 to − → 01 along the canonical path and next along p to ζ we get a compatible family of l n -th roots of ζ. If ζ = − → 0τ is a tangential base point then a path p determines a compatible family of l n -th roots of τ . We continue analytically, first from 1 to − → 01, next along p to ζ and finally to τ along the canonical path from − → 0τ to τ . The corresponding Kummer character we denote by κ(ζ) p to indicate the dependence on the path p.
In the next proposition we show that the l-adic logarithm l(ζ) p coincides with the Kummer character κ(ζ) p . Let x be a geometric generator of π 1 (P 1 (C) \ {0, ∞}; − → 01). We recall from Part II, Corollary 11.0.7 that the l-adic logarithm is defined by the following equality
where t is a canonical path from − → 0τ to τ .
Proof. Let z be a local parameter in 0 corresponding to a tangential base point
Now we assume that ζ = − → 0τ . Let t be a local parameter corresponding to − → 0τ . Then we have z = τ · t and z 1/l n = τ 1/l n · t 1/l n (z 1/l n is real positive over the interval [0, 1] and t 1/l n is real positive over the interval [0, τ ]). The path p −1 · σ · p · σ −1 acts on z 1/l n as follows:
. . , a n , ∞}, let z, v ∈X(K) and let p be a path from v to z. Let g i : X → P 1 K \ {0, ∞} be given by g i (z) = z − a i for i = 1, . . . , n. Let us fix a path Observe that we have just proved Theorem F.
In [S2] and [S3]
Soulé has defined certain cohomology classes associated to compatible families of l-units. If we take compatible families of cyclotomic l-units then we get cyclotomic Soulé classes.
In this subsection we shall discuss relations of Soulé classes with ladic polylogarithms. In [NW] we have given an arithmetic formula for l-adic polylogarithms. We present a proof of this result with some small modifications. (The related result was obtained by O. Gabber a long time ago using different methods.) Next we restrict our attention to the field K = Q(µ p ), where p is relatively prime to l. We express cyclotomic Soulé classes by l-adic polylogarithms evaluated at p-th roots of 1.
Let us choose a compatible family (ξ l n ) n∈N of primitive l n -th roots of 1. Let p be an integer prime to l and let ξ p be a primitive p-th root of 1.
be a family of p-th roots of 1 such that ξ Let q be an integer. We set
where n, m ∈ N. One checks that
We define Kummer characters
Proof. The lemma follows from [NW] . We give a brief sketch of the proof following [NW] .
Let π be a path from − → 01 to z. Let x and y in π 1 (P 1 Q \ {0, 1, ∞}; − → 01) be standard generators of the fundamental group. Let us set
where x → 1 and y → 0. The group H n is freely generated by x l n and
Let us define Kummer characters β n j,N as follows
one shows that α n j = β n j . We recall that k :
where n 0 is a positive integer not depending on n. Hence this coefficient is equal
Let us take z = ξ q p and let π be a path from
For such a path π the factor x −κ 0 z (σ) in the left hand side of (14.2.5) is 1, hence we get
Observe that 14.3. Let m be an integer prime to l and let K = Q(µ m ). We recall briefly the construction of the Soulé classes for the field K.
Let us set K n := K(µ l n ) and
The groups G n and G ∞ are normal subgroups of G and we have G/G n Γ n and
Let (ξ l n ) n∈N be a compatible family of primitive l n -th roots of 1 as in 14.2. The element ξ l n defines an element in H 0 (X n , µ l n ), which we also denote by ξ l n . Let α n := ξ l n ∪ · · · ∪ ξ l n (i − 1 times) and let u n ∈ R * n = H 0 (X n ; G m ). Observe that α n ∈ H 0 (X n , µ
be a transfer map associated to anétale covering p n : X n → X. Let us set
Proof. One repeats the proof of Lemma 1 in [S2] replacing K-theory by cohomology.
Let us set u (q) 
The covering p n : X n → X is Galois. It follows from [S1, Lemma 6] that we have a commutative diagram
where N Γn (c) = σ∈Γn σ(c). Observe that
Hence the element
is given byκ n i−1,q . We summarize the above discussion in the following proposition. Proposition 14.3.2. (see also [W2, Lemma 3.3 ]) The family of l-units
is equal to the homomorphismκ n i−1,q , i.e., it is equal to the Kummer character associated to the element
Corollary 14.3.3. After the restriction to G K(µ l ∞ ) we have the followings identities:
https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0027763000009090 ii) Let s be an order of l in (Z/m) * . Then we have
Proof. The part i) of the corollary follows from (14.2.2), Lemma 14.2.3 and Proposition 14.3.2. The part ii) is an immediate consequence of the part i).
The Soulé classes x n+1 (q) and the l-adic polylogarithms evaluated at mth roots of 1 are cohomology classes in H 1 (G K ; Q l (m + 1)). The restriction map
is injective by Lemma 3.0.8. Let d be a divisor of m. The l-adic polylogarithms satisfy the distribution relations
for any j such that 0 < j < 
for any j such that 0 < j < m d , the inversion relation
and the equality x 2n (0) = 0.
Corollary 14.3.5. The Q l -vector subspace of H 1 (G K ; Q l (n+1)) generated by the cohomology classes l n+1 (ξ k m ) with 0 < k < m + 1 is generated by the cohomology classes l n+1 (ξ k m ) with 0 < k < m 2 and (k, m) = 1. This vector space coincides with the Q l -vector subspace of H 1 (G K ; Q l (n+1)) generated by cyclotomic Soulé classes x n+1 (k) with 0 < k < m 2 and (k, m) = 1.
and (k, m) = 1 are linearly independent over Q l if and only if l-adic polylogarithms l n+1 (ξ k m ) for 0 < k < m 2 and (k, m) = 1 are linearly independent over Q l in H 1 (G K ; Q l (n + 1)).
14.4.
We would like to show that the elements x i (q) for 0 < q < m 2 and (q, m) = 1 are linearly independent and that they generate H 1 (X; Z l (i)) ⊗ Q.
Let us set
where N n,n−1 : R * n → R * n−1 is a norm map and r l n : µ
is a reduction mod l n−1 . The construction in 14.3 which to a compatible family of l-units (u n ) n∈N associates an element x in H 1 (X; Z l (i)) defines a morphism ϕ :
such that ker ϕ and coker ϕ are finite (see [S2, p. 384 
]).
Let C(i − 1) be a subgroup of E(i − 1) generated by compatible families of cyclotomic l-units. We consider the map
If K = Q then this map has a finite cokernel (see [S3, Theoreme 3] Observe that the families (1 − ξ
Lemma 14.4.1. The elements u(q) (0 < q < m 2 and (q, m) = 1) are linearly independent over Z l in C(i − 1) Γ∞ . Let C be a Z l -submodule of C(i − 1) Γ∞ generated by elements u(q) (0 < q < m 2 and (q, m) = 1). Then the quotient group C(i − 1) Γ∞ /C is finite.
Proof. Let C n be a subgroup of Q(µ ml n ) * generated by µ ml n and by elements 1 − ω n , where ω n ∈ µ ml n \ {1}. We recall that
where N n,n−1 : C n → C n−1 is a restriction of the norm map N n,n−1 : Q(µ ml n ) * → Q(µ ml n−1 ) * and r l n : µ
is a reduction mod l n−1 . Let (ω n ) n∈N be a compatible system of ml n -th roots of 1, i.e.,
∈ C n are not in the image of the norm homomorphism N n+1,n : 
The projection of u(q) ∈ C(i−1) Γ∞ onto (C n ⊗µ
. It follows from the Bass theorem (see [Wa, Theorem 8.9] ) that the elements (1 − ξ
If the map C(i − 1) Γ∞ → E(i − 1) Γ∞ has a finite cokernel or finite kernel then Lemma 14.4.1 will imply the following result stated below as a conjecture.
Conjecture 14.4.2. The cyclotomic Soulé classes
and (k, m) = 1 are linearly independent over Q l . Consequently l-adic polylogarithms l n+1 (ξ q m ) for 0 < q < m 2 and (q, m) = 1 are linearly independent over Q l in H 1 (G K ; Q l (n + 1)) and in
The referee pointed to us that the linear independence over Q l of the cyclotomic Soulé classes x n+1 (k) for 0 < q < m 2 and (q, m) = 1 follows from [HW] . However we still did not absorbed the motivic consideration in [HW] so we prefer to left the needed result as a conjecture. It also seems to us that a possible proof of 14.4.2 should be more elementary without using a motivic machinary. §15. Applications to Galois actions on fundamental groups 15.0. We shall use l-adic polylogarithms to study the Galois action on the fundamental group of the projective line minus a finite number of points.
Deligne on the conference on polylogarithms in Schloss Ringberg gave a sketch of a proof of his result concerning P 1 \ {0, 1, −1, ∞} in the Hodge context (see [D2] ). He showed that the Lie algebra associated to the mixed Hodge structures generated by the fundamental group of P 1 \ {0, 1, −1, ∞} contains a free Lie algebra on one generator in each odd degree. Using his ideas we are trying to show the analogous result in the Galois setting as well as to study some other interesting cases. The first presentation of our results in this direction is in [W1] . In [W3] we study the Hodge analog and there the classical polylogarithms appear. We recall also that the action of G Q on π 1 (P 1 Q \ {0, 1, ∞}; − → 01) was studied by Y. Ihara in [I1] , [I2] and P. Deligne in [D1] . The l-adic polylogarithm l n+1 ( − → 10) in our notation appears in these works (see also [IS] ).
Let K be a number field. Let X = P 1 K \ {a 1 , . . . , a n+1 } and let v ∈ X(K). Let x = (x 1 , . . . , x n+1 ) be a sequence of geometric generators of π 1 (X(C); v) associated to a family Γ = {γ i } i=1,...,n+1 . Let X be a set {X 1 , . . . , X n }. We embed π 1 (XK; v) into Q l {{X}} mapping x i into e X i .
We recall that the action of the Galois group G K on the fundamental group
induces a Galois representation
and a Lie algebra representation Passing with the morphism Lie ϕ to associated graded Lie algebras we get a morphism of associated graded Lie algebras
Let us define X n+1 by the equality
Let us set Der * , * Lie(X) = {D ∈ Der Lie(X) | ∀k ∈ {1, . . . , n + 1} ∃b k ∈ Lie(X),
Proposition 15.0.1. Let σ ∈ G m (X, v). Then we have
Proof. In the proof we shall omit the subscript x and we shall write σ and σ γ n+1 instead of σ x and σ x,γ n+1 . We have
This implies that (log σ γ n+1 )(X n+1 + c) = (X n+1 + c) · ((log σ γ n+1 )(1)). It follows from Part I, Proposition 5.1.7 that
Corollary 15.0.2. The image of the homomorphism of Lie algebras
is contained in Der * , * Lie(X).
15.1.
In this subsection we shall study the action of the Galois group G Q(µn) on the fundamental group of P 1
Let us set V := P 1 Q(µn) \ {0, µ n , ∞}. Let us fix an embeddingQ ⊂ C. Let ξ n = exp( 2πi n ). We chose a tangent vector − → 01 as a base point of the fundamental group. At each point ξ k n of the projective line P 1 Q(µn) we choose a tangential base point v k = − → ξ k n 0. We choose a family Γ = {γ k } k=0,...,n−1 ∪ {γ ∞ } as on Picture 1. The path γ k is a path from − → 01 to v k . Let (x, y 0 , . . . , y n−1 , u) be a sequence of geometric generators of π 1 (V (C); − → 01) corresponding to the family Γ. We have
Picture 1 Picture 2
Observe that f k (γ 0 ) is a path (an interval) from − → 0ξ k n to − → ξ k n 0. Let s k be a path from − → 01 to − → 0ξ k n as on Picture 2. We have
It follows from (15.1.2) that 
It rests to calculate σ(u). Let g : V → V be given by g(z) = 1 z and let δ := g(γ −1 0 ). Observe that γ ∞ = δ · t · γ 0 , where t is a path from − → 10 to −→ 1∞ as on Picture 3.
Picture 3
One checks that (15. 1.5) f γ∞ = γ −1
Observe that
for k = 0, . . . , n − 1 and Proof. It follows follows from Part I, Proposition 2.2.1 and from the equalities (15.1.1)-(15. 1.6 ) that σ(x), σ(y k ) and σ(u) are given by the formulas of the proposition.
Let us set
be a continuous multiplicative embedding given by k(x) = e X and k(y j ) = e Y i for j = 0, . . . , n − 1. We denote by Lie(V) (resp. L(V)) a free Lie algebra (resp. a completed free Lie algebra) over Q l on the set V. We define U by the equality
. . , y n−1 )). It follows from (15.1.4), (15.1.1) and (15. 1.3 
log σ, where is the BCH multiplication. We have
This implies that the term −(log σ) log(
One shows that other terms also vanish mod Γ m+1 L(V) except the first two terms. This implies that
Now the lemma follows from Lemma 15.2.1.
We recall that we have a morphism of Lie algebras
and a morphism of associated graded Lie algebras 
Lemma 15.2.7. The image of the homomorphism gr (Lie ϕ) is contained in Der * ,∞ Z/n Lie(V).
Proof. The lemma follows from the formula for σ(u) in Proposition 15.1.7. The detail proof requires analogs of Lemmas 15.2.1 and 15.2.2 for γ ∞ . We left details to the reader.
We denote by Im(gr (Lie ϕ)) the image of the morphism
Observe that Im(gr (Lie ϕ)) is a Lie subalgebra of Der *
This new Lie algebra we denote by (Lie(V), { }). Observe that Y 0 is a Lie ideal of (Lie(V), { }). Hence we can form a quotient Lie algebra which we denote by (Lie(V)/ Y 0 , { }). Let S be a subset of {0, . . . , n − 1}. We denote by I r (S) a Lie ideal of Lie(V) generated by Lie brackets which contain at least r elements (with repetitions) among Y 0 , Y 1 , . . . , Y n−1 and at least one of these elements is Y k with k ∈ S and at least one of these elements is Y j with j / ∈ S. We denote by A(S) a Lie subalgebra of Lie(V) generated by elements Y k (k ∈ S), and by A(S) r the degree r part of A(S).
Recall that Γ m+1 Lie(V) is the (m+1)-st component of the lower central series of the Lie algebra Lie(V). In the following discussions, we often look at elements of Lie(V) modulo the Lie ideal I k + Γ m+1 Lie(V).
Lemma 15.2.10. Let S be a subset of {0, . . . , n−1} such that (S +S)∩ S = ∅ (the sum of two elements of S is calculated mod n). Let w ∈ I r (S), w ∈ I r (S) and a ∈ A(S) t . Then D a (w) ∈ I r+t (S), D w (a) ∈ I r+t (S) and D w (w ) ∈ I r+r (S).
15.3.
We shall calculate coefficients of log(Λ γ k (σ)(X, Y 0 , . . . , Y n−1 )). We shall show that they are expressed by l-adic polylogarithms evaluated at elements of µ n .
Proof. It follows from the definition of l-adic polylogarithms that the coefficient of log(
To finish the proof we observe that 
15.4.
We shall study the image of the homomorphism of Lie algebras
First we assume that n is a prime number and for traditional reason we shall denote it by p. Hence V = P 1 Q(µp) \ {0, µ p , ∞}. We recall that fundamental groups considered in this paper are pro-finite l-groups. Now we shall use Conjecture 14.4.2. We shall assume that p is different from l. We have not express in this paper l-adic polylogarithms evaluated at l-th roots of 1 by Soulé classes, hence we have to suppose that p = l.
Proposition 15.4.1. Let p be a prime number greater than 2 and different from l. Assume that for each m > 1 the cyclotomic Soulé classes
To show the theorem it is enough to show that a Lie subalgebra of (Lie(V), { }) generated by
Observe that β k m = z k m + py k m + ι(2) k m , where y k m ∈ I 1 and ι(2) k m ∈ I 2 . For any arrangement of brackets of length r in (Lie(V), { }) we have
. . , z kr nr + py kr nr } · · · }. We denote by Lie(V; Z) a Lie subalgebra over Z of Lie(V) generated by the set V.
The elements z k m and y k m have integer coefficients with respect to a base of Lie(V) given by basic Lie elements in free generators X, Y 0 , . . . , Y p−1 , hence we can view them as elements of Lie(V; Z). Therefore z has also integer coefficients with respect to this base. Observe that (15. 4.5) z ≡ {· · · {z
The quotient Lie algebra Lie(V; Z)/p Lie(V; Z) is a free Lie algebra over Z/p freely generated by the set V. We consider I r (S) as a Lie ideal of Lie(V; Z)/p Lie(V; Z). It follows from Lemma 15.2.10 that in Lie(V; Z)/p Lie(V; Z) we have (15. 4.6) {· · · {z 2 }) generate a free Lie subalgebra of (Lie(V), { }) and these elements are free generators of this subalgebra. Now we shall consider the case p = 3.
Theorem 15.4.7. Let p = 3 and let l be different from 3. Assume that the cyclotomic Soulé classes x n (1) ∈ H 1 (G Q(µ 3 ) ; Q l (n)) are different from zero for n > 1. Then the derivations gr(Lie ϕ)(σ 1 1 ), . . . , gr (Lie ϕ)(σ 1 n ), . . . generate a free Lie subalgebra of Im(gr (Lie ϕ)) and these derivations are free generators of this Lie subalgebra. {· · · {z
where 
15.5. Now we shall consider the case when p = 2. In fact the proof will repeat the arguments from [D2] with necessary modifications for the l-adic case. Let us set V := P 1 Q \{0, 1, −1, ∞}. Let − → 01 be a base point of the fundamental group. We choose a family Γ = {γ 0 , γ 1 , γ ∞ } as on Picture 4.
Picture 4
Let (x, y 0 , y 1 , z) be a sequence of geometric generators of π 1 (V (C); − → 01) corresponding to the family Γ. Proof. The homomorphism l n ( − → 10) for n odd and greater than 1 is a generator of Hom Z * l (G Q(µ l ∞ ) ; Z l (n)) Z l (see [IS] ). Hence it follows from Part I, Lemma 3.0.8 that l n ( − → 10) restricted to G n (V, − → 01) is different from zero. Therefore there is σ(n) ∈ G n (V, − → 01) such that l n ( − → 10)(σ(n)) = 0 for n odd and greater than 1. We set σ n = 2 n−1 ln( − → 10)(σ(n)) · σ(n) in gr Lie(G 1 (V, − → 01)/G ∞ (V, − → 01)) ⊗ Q if n is odd and greater than 1. The homomorphism l(2) is a Kummer character associated to 2. Hence there is σ(1) ∈ G 1 (V, − → 01) such that l(2)(σ(1)) = 0. We set σ 1 = 1 l(2)(σ(1)) · σ(1) in gr Lie (G 1 
Theorem 15.5.3. The derivations gr (Lie ϕ)(σ 1 ), gr (Lie ϕ)(σ 3 ), . . . , gr (Lie ϕ)(σ 2m+1 ), . . . generate a free Lie subalgebra of Im(gr (Lie ϕ)) and these derivations are free generators of this Lie subalgebra. 6 . Now we shall assume that n is a power of a prime number. Let p be a prime number different from l and let n = p r . Let V = P 1 Q(µn) \ {0, µ n , ∞}.
Proposition 15.6.1. Assume that for each i > 1 the cyclotomic Soulé classes x i (k) ∈ H 1 (G Q(µn) ; Q l (i)) for 0 < k < Proposition 15.6.2. Assume that for each i > 1 the cyclotomic Soulé classes x i (k) ∈ H 1 (G Q(µn) ; Q l (i)) for 0 < k < n 2 and (k, p) = 1 are linearly independent over Q l . Let S be a subset of {i | 0 < i < n and (i, p) = 1} satisfying the following conditions i) if k ∈ S then n − k ∈ S, ii) (S + S) ∩ S = ∅ (the sum of two elements of S is calculated mod n). Corollary 15.6.3. Let n = 2 r . Assume that for each i > 1 the cyclotomic Soulé classes x i (k) ∈ H 1 (G Q(µn) ; Q l (i)) for 0 < k < n 2 and k odd are linearly independent over Q l . Then the derivations gr(Lie ϕ)(σ k m+1 ) for m = 1, 2, . . . and for 0 < k < n 2 and k odd generate a free Lie subalgebra of Im(gr (Lie ϕ)) and these derivations are free generators of this Lie subalgebra. 
Let us set
s
